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1. Introduction

We focus on the optimal control problem

(P ) Minimize

1∫
0

L(t, x(t), u(t)) dt+ g(x(0), x(1)) (1.1)

subject to

ẋ(t) = f (t, x(t), u(t)) a.e. t ∈ [0, 1] (1.2)

x(0) ∈ C0

x(1) ∈ C1

u(t) ∈ U(t) a.e. t ∈ [0, 1]

h (t, x(t)) 6 0 for all t ∈ [0, 1], (1.3)

for which the data comprises functions L : R × Rn × Rm → R, g : Rn × Rn → R,

f : [0, 1]× Rn × Rm → Rn, and h : [0, 1]× Rn → R; a multifunction U : [0, 1] ⇒ Rm; and

sets C0, C1 ⊂ Rn.

The domain of problem (P ) is the set of admissible processes, namely pairs (x, u)

comprising a measurable control function u and a corresponding state trajectory x ∈
W 1,1([0, 1],Rn) which satisfies the constraints of (P ) and for which t 7→ L(t, x(t), u(t)) is

integrable.

For the problem above we provide a variant of the Maximum Principle involving a “joint”

generalized gradient of the Hamiltonian — a condition we call Euler Lagrange Inclusion,

ELI for short. The new set of conditions extends previous results in [1] to problems with

state constraints.

To illustrate the main ideas behind the new conditions let us consider the nonsmooth

Maximum Principle (see e.g. [2]). It asserts that an optimal process (x̄, ū) of (P) satisfies,

among others, the conditions

−ṗ(t) ∈ co ∂xHλ(t, x̄(t), q(t), ū(t)) a.e. t, (1.4)

˙̄x(t) = co ∂pHλ(t, x̄(t), q(t), ū(t)) a.e. t, (1.5)

Hλ(t, x̄(t), q(t), ū(t)) = max
u∈U(t)

Hλ(t, x̄(t), q(t), u) a.e. t, (1.6)

where co ∂Hλ denotes the Clarke subdifferential of the Hamiltonian

Hλ(t, x, p, u) := p · f(t, x, u)− λL(t, x, u).

The existence of a function of bounded variation q is assumed. This function q is related

to its absolutely continuous “part”, p, by the addition of an integral term involving a
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multiplier η associated with the state constraint as follows:

q(t) = p(t) +

∫
[0,t)

dη(s).

Under mild hypotheses on the data, which include Lipschitz continuity of L and f with

respect to (x, u), a commonly used form of a weak maximum principle is obtained when

(1.6) is replaced by

ξ(t) ∈ co ∂uHλ(t, x̄(t), q(t), ū(t)) a.e. t, (1.7)

and

ξ(t) ∈ coNU(t)(ū(t)) a.e. t. (1.8)

The Euler-Lagrange Inclusion type of condition (ELI) for problem (P ) we consider in

this work involves a joint subdifferential of the Hamiltonian in the (x, q, u) variables

(−ṗ(t), ˙̄x(t), ξ(t)) ∈ co ∂Hλ(t, x̄(t), q(t), ū(t)) a.e. (1.9)

together with the inclusion (1.8).

It is a well known fact that, for nonsmooth problems, (1.4), (1.5) and (1.7) are not

equivalent to (1.9). Inclusion (1.9) can give more information in situations where

co ∂Hλ 6= co ∂xHλ × co ∂pHλ × co ∂uHλ.

Here we generalize existent results on an ELI to optimal control problems with state

constraints along the trajectory. The main strengths of such type of conditions are retained

in the presence of state constraints. Namely, these conditions can eliminate processes that

satisfy the nonsmooth maximum principle and yet are not locally optimal. Furthermore,

for convex problems our result, in the normal form, is also a sufficient condition.

Noteworthy, the key idea behind the proof of the necessary conditions of optimality we

report in here is very simple: a sequence of optimal control problems is constructed in

which the state constraint is replaced by a penalty term that is added to the cost. This is

an approach we retrieve from the seminal paper of Vinter and Pappas [3].

2. Preliminaries

Here and throughout, B represents the closed unit ball centred at the origin and | · | the

Euclidean norm or the induced matrix norm on Rm×k. The Euclidean distance function

with respect to A ⊂ Rk is

dA : Rk → R, y 7→ dA(y) = inf {|y − x| : x ∈ A}.
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The linear space W 1,1([0, 1]; Rp) denotes the space of absolutely continuous functions,

L1([0, 1]; Rp) the space of integrable functions and L∞([0, 1]; Rp) the space of essentially

bounded functions from [0, 1] to Rp.

By w∗- limi→∞mi, we mean the weak∗ limit of the sequence mi. Here, mi is a sequence

in C∗([0, 1],R), the dual space of the space of continuous functions defined in [0, 1] and

taking values in R.

We make use of the following concepts from nonsmooth analysis. A vector p ∈ Rk is a

limiting normal to a closed set A of Rk at a point x in A if there exist pi → p, xi → x, and

a sequence of positive scalars {Mi}, such that, for each i ∈ N,

pi · (x− xi) 6 Mi|x− xi|2 for all x ∈ A.

The limiting normal cone to A at x, written NA(x), is the set of all limiting normals to A

at x. Given a lower semicontinuous function f : Rk → R∪{+∞} and a point x ∈ Rk such

that f(x) < +∞, the limiting subdifferential of f at x, written ∂f(x), is the set

∂f(x) :=
{
ζ : (ζ,−1) ∈ Nepi {f}(x, f(x))

}
,

where epi {f} =
{
(x, η) : η > f(x)

}
denotes the epigragh set . In the case that the

function f is Lipschitz continuous near x, the convex hull of the limiting subdifferential,

co ∂f(x), coincides with the Clarke subdifferential, which may be defined directly. Prop-

erties and the calculus for these various constructions may be found in [4, 5, 6, 2].

We also make use of the subdifferential ∂̄h defined as

∂̄h(t, x) := co {lim ξi : ξi ∈ ∂xh(ti, xi), (ti, xi) 7→ (t, x)}.

We say that an admissible process (x̄, ū) is a local minimizer of (P) if there exists ε > 0

such that

1∫
0

L(t, x̄(t), ū(t))dt+ g(x̄(0), x̄(1)) 6

1∫
0

L(t, x(t), u(t))dt+ g(x(0), x(1))

over all admissible processes (x, u) satisfying

x(t) ∈ x̄(t) + εB, u(t) ∈ ū(t) + εB.

Let us consider the optimal control problem (P) when no state constraints are present

and suppose that (x̄, ū) is a local minimizer in the sense defined above. The following

hypotheses, which make reference to a parameter ε > 0, are imposed:
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H1: The functions t→ f(t, x, u) and t→ L(t, x, u) are Lebesgue measurable for each

pair (x, u) and there exists a function K in L1 such that

|f(t, x, u)− f(t, x′, u′)|+|L(t, x, u)− L(t, x′, u′)|

6K(t)[|x− x′|2 + |u− u′|2]1/2

for x, x′ ∈ x̄(t) + εB, and u, u′ ∈ ū(t) + εB a.e. t ∈ [0, 1].

H2: The multifunction U has Borel measurable graph and

Uε(t) := (ū(t) + εB) ∩ U(t)

is closed for almost all t ∈ [0, 1].

H3: The endpoint constraint sets C0 and C1 are closed and g is locally Lipschitz

around (x̄(0), x̄(1)).

The following Euler Lagrange Inclusion for optimal control problems, provided in [1],

will be of importance in our analysis.

Proposition 2.1. Let (x̄, ū) be a local minimizer for (P) when no state constraints are

present. Assume that H1–H3 are satisfied and

Hλ(t, x, p, u) = p · f(t, x, u)− λL(t, x, u)

defines the Hamiltonian. Then there exist λ > 0, p ∈ W 1,1([0, 1]; Rn) and ζ ∈ L1([0, 1]; Rm)

such that, for almost all t ∈ [0, 1],

λ+ ‖ p ‖L∞ 6= 0

(−ṗ(t), ˙̄x(t), ζ(t)) ∈ co ∂Hλ(t, x̄(t), p(t), ū(t))

ζ(t) ∈ co NU(t)(ū(t))

(p(0),−p(1)) ∈ NC0×C1(x̄(0), x̄(1)) + λ∂g(x̄(0), x̄(1)).

3. Main Results

We first establish the validity of necessary conditions of optimality in the form of an

Euler-Lagrange Inclusion for optimal control problems with state constraints. For such

problem we consider two additional hypotheses:

H4: For x ∈ x̄(t)+ εB the function t→ h(t, x) is continuous and there exists a scalar

Kh > 0 such that the function x→ h(t, x) is Lipschitz of rank Kh for all t ∈ [0, 1].

H5: The extended velocity set

{(v, `) : v = f(t, x, u), ` = L(t, x, u), u ∈ U(t)}

is convex for all (t, x) ∈ [0, 1]× Rn.
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Theorem 3.1. Let (x̄, ū) be a local minimizer for problem (P). Assume that H1–H5 are

satisfied and

Hλ(t, x, p, u) := p · f(t, x, u)− λL(t, x, u)

defines the Hamiltonian. Then there exists an absolutely continuous function p : [0, 1] →
Rn, integrable functions ξ : [0, 1] → Rm and γ : [0, 1] → Rn, a nonnegative Radon measure

µ ∈ C∗([0, 1],R), and a scalar λ > 0 such that

µ{[0, 1]}+ ||p||L∞ + λ > 0, (3.10)

(−ṗ(t), ˙̄x(t), ξ(t)) ∈ co ∂Hλ(t, x̄(t), q(t), ū(t)) a.e. t ∈ [0, 1], (3.11)

ξ(t) ∈ coNU(t)(ū(t)) a.e. t ∈ [0, 1], (3.12)

(p(0),−q(1)) ∈ NC0(x̄(0))×NC1(x̄(1)) + λ∂g(x̄(0), x̄(1)), (3.13)

γ(t) ∈ ∂̄h(t, x̄(t)) µ-a.e. , (3.14)

supp{µ} ⊂ {t ∈ [0, 1] : h (t, x̄(t)) = 0} , (3.15)

where

q(t) =

{
p(t) +

∫
[0,t)

γ(s)µ(ds) t ∈ [0, 1)

p(t) +
∫

[0,1]
γ(s)µ(ds) t = 1.

To see that the optimality conditions of Theorem 3.1 are distinct from the maximum

principle we study an example based on one given in [1]. The optimal control problem of

interest is the following

(P1) Minimize

1∫
0

{w1|x− u1|+ w2|x− u2|+ x} dt

subject to

ẋ(t) = 4w1u1 + 4w2u2 a.e. t ∈ [0, 1]

x(0) = 0

u1(t), u2(t) ∈ [−1, 1] a.e. t ∈ [0, 1]

(w1(t), w2(t)) ∈ {(w1, w2) : w1 ≥ 0, w2 ≥ 0,

w1 + w2 = 1} a.e. t ∈ [0, 1]

x(t) > −1 for all t ∈ [0, 1],

Here h(t, x) = −x− 1.

The process (x̄ ≡ 0, ū1 = ū2 = w̄2 ≡ 0, w̄1 = 1) is admissible and has cost zero but

is it is not optimal since, for any α ∈ (0, 1
4
], the process xα(t) = −4αt, u1α(t) = −α,

u2α(t) = w2α(t) = 0, w1α(t) = 1, which satisfies the state constraint, has cost −0.75α. Yet,
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for the process (x̄ ≡ 0, ū1 = ū2 = w̄2 ≡ 0, w̄1 = 1) the standard nonsmooth maximum

principle is satisfied in normal form, with λ = 1 and all the other multipliers null. On

the other hand, the conclusions of Theorem 3.1 are not satisfied for such process. In fact,

if Theorem 3.1 were to apply, we would need the existence of an absolutely continuous

function p such that −ṗ = −λ(1 + σ1), p(1) = 0 and 4p + λσ1 = 0, where σ1 ∈ [−1, 1]. It

is easy to check that no such p exists.

4. Sufficiency for Convex Problems

The example of the previous section is a nonsmooth, convex problem. Nonsmoothness is

crucial here. Indeed, the classical smooth maximum principle provides necessary conditions

which are sufficient for convex problems, even with state constraints (see [7, 8]). However,

nonsmooth versions of the maximum principle fail to provide a sufficient condition for

convex problems as illustrated.

We now show that the normal form of the ELI condition of Theorem 3.1 provides, for

convex problems, a sufficient condition for optimality.

In this respect, let us consider the following convex optimal control problem with state

constraints:

(CP ) Minimize

1∫
0

L(t, x(t), u(t)) dt+ g(x(0), x(1))

subject to

ẋ(t) = A(t)x(t) +B(t)u(t) a.e. t ∈ [0, 1]

x(0) ∈ C0

x(1) ∈ C1

u(t) ∈ U(t) a.e. t ∈ [0, 1]

D(t)x(t) 6 0 for all t ∈ [0, 1].

We assume that the sets C0, C1 are convex; the multifunction U(t) is convex for a.e. t in

[0, 1], the functions g and (x, u) → L(t, x, u) are convex, the function A : [0, 1] → Rn×n is

integrable, the function B : [0, 1] → Rn×m is measurable, and the functionD : [0, 1] → R1×n

is continuous.

Definition 4.1. A process (x̄, ū) is a normal extremal if it is an admissible process and

satisfies conditions (3.10)–(3.15) with λ = 1.
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When we apply the above definition to problem (CP), the normal cones and subdiffer-

entials involved can be understood in the sense of convex analysis due to the convexity

properties of the data.

Proposition 4.1. If the pair (x̄, ū) is a normal extremal for problem (CP ), then it is a

minimizer.

Proof. Let (x, u) be an arbitrary admissible process and the pair (x̄, ū) be a normal extremal

for the convex problem (CP). We will show that

1∫
0

[L(t, x(t), u(t))− L(t, x̄(t), ū(t))] dt+ g(x(0), x(1))− g(x̄(0), x̄(1)) > 0.

Since (x̄, ū) is a normal extremal there exist an absolutely continuous function p : [0, 1] →
Rn, an integrable function ξ : [0, 1] → Rn, a nonnegative Radon measure µ ∈ C∗([0, 1],R)

and vectors (ζ0, ζ1) ∈ Rn × Rn, such that

(ṗ(t) + q(t)A(t),−ξ(t) + q(t)B(t)) ∈ ∂L(t, x̄(t), ū(t)) a.e. , (4.16)

ξ(t) · (u− ū(t)) 6 0 ∀u ∈ U(t), a.e. , (4.17)

(p(0),−q(1))− (ζ0, ζ1) ∈ ∂g(x̄(0), x̄(1)), (4.18)

(ζ0, ζ1) · [(x0, x1)− (x̄(0), x̄(1))] 6 0 ∀(x0, x1) ∈ C0 × C1, (4.19)

supp{µ} ⊂ {t ∈ [0, 1] : D(t)x̄(t) = 0} , (4.20)

where

q(t) =

{
p(t) +

∫
[0,t)

D(s)µ(ds) t ∈ [0, 1)

p(t) +
∫

[0,1]
D(s)µ(ds) t = 1.

By definition of a process t→ L(t, x(t), u(t)) and t→ B(t)u(t) are integrable.
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Computing the difference of the cost between (x, u) and (x̄, ū) we get

1∫
0

[L(t, x(t), u(t))− L(t, x̄(t), ū(t))] dt+ g(x(0), x(1))− g(x̄(0), x̄(1))

=

1∫
0

[
L(t, x(t), u(t))− L(t, x̄(t), ū(t))

]
dt+ g(x(0), x(1))− g(x̄(0), x̄(1))

+

1∫
0

q(t)
[
ẋ(t)− A(t)x(t)−B(t)u(t)− ( ˙̄x(t)− A(t)x̄(t)−B(t)ū(t))

]
dt

=

1∫
0

[
L(t, x(t), u(t))− L(t, x̄(t), ū(t))

]
dt+ g(x(0), x(1))− g(x̄(0), x̄(1))

+

1∫
0

[
(q(t)− p(t)) · (ẋ(t)− ˙̄x(t))− q(t)A(t)(x(t)− x̄(t))

−q(t)B(t)(u(t)− ū(t))
]
dt

+p(1)[x(1)− x̄(1)]− p(0)[x(0)− x̄(0)]−
1∫

0

ṗ(t)[x(t)− x̄(t)]dt.

In the last step, we perform an integration by parts of
∫ 1

0
p · (ẋ− ˙̄x).

Rearranging and after some more addition and subtraction of terms we obtain

1∫
0

[
L(t, x(t), u(t))− L(t, x̄(t), ū(t))

]
dt+ g(x(0), x(1))− g(x̄(0), x̄(1))

=

1∫
0

[
L(t, x(t), u(t))− L(t, x̄(t), ū(t))

]
dt

−
1∫

0

[
[ṗ(t) + q(t)A(t)] [x(t)− x̄(t)] + [q(t)B(t)− ξ(t)] [u(t)− ū(t)]

]
dt

+g(x(0), x(1))− g(x̄(0), x̄(1))

−[(p(0),−q(1))− (ζ0, ζ1)] · [(x(0), x(1))− (x̄(0), x̄(1))]

+

1∫
0

[q(t)− p(t)] [ẋ(t)− ˙̄x(t)] dt− [q(1)− p(1)] [x(1)− x̄(1)]

−
1∫

0

ξ(t) [u(t)− ū(t)] dt− (ζ0, ζ1) · [(x(0), x(1))− (x̄(0), x̄(1))]
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From (4.17) and (4.19), we can deduce that the two terms in the last line are nonnegative.

By the properties of a generic convex function f ,

f(x)− f(x̄)− ζ · (x− x̄) ≥ 0, ∀ζ ∈ ∂f(x̄).

The difference is then simplified to

1∫
0

[
L(t, x(t), u(t))− L(t, x̄(t), ū(t))

]
dt+ g(x(0), x(1))− g(x̄(0), x̄(1))

≥
1∫

0

[q(t)− p(t)] [ẋ(t)− ˙̄x(t)] dt− [q(1)− p(1)][x(1)− x̄(1)]

=

1∫
0

∫
[0,t)

D(s)µ(ds)[ẋ(t)− ˙̄x(t)] dt−
∫

[0,1]

D(s)µ(ds)(x(1)− x̄(1)).

Now consider a sequence {mi} of measures which are absolutely continuous with respect

to the Lebesgue measure and such that

w∗- lim
i→∞

mi = µ.

Then

1∫
0

∫
[0,t)

D(s)µ(ds)[ẋ(t)− ˙̄x(t)] dt−
∫

[0,1]

D(s)µ(ds)[x(1)− x̄(1)]

= lim
i→∞

1∫
0

∫
[0,t)

D(s)mi(s) ds[ẋ(t)− ˙̄x(t)] dt

−
∫

[0,1]

D(s)mi(s) ds[x(1)− x̄(1)]

= lim
i→∞

−
1∫

0

D(t)mi(t)[x(t)− x̄(t)] dt

= −
∫

[0,1]

D(t)[x(t)− x̄(t)]µ(dt)

We claim that

D(t)[x(t)− x̄(t)] 6 0, µ-a.e.

In fact, by (4.20) D(t)x̄(t) = 0, µ-a.e.. The admissibility of x yields the required inequality.
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We conclude from the above that

1∫
0

[
L(t, x(t), u(t))− L(t, x̄(t), ū(t))

]
dt+ g(x(0), x(1))− g(x̄(0), x̄(1)) > 0.

proving the proposition. �

5. Proof of the Main Result

We now prove Theorem 3.1. The main step consists in constructing a sequence of optimal

control problems where the state constraint is replaced by a penalty term added to the

cost. Proposition 2.1 applies to each problem of the sequence.

We note for future use that the following conditions are automatically satisfied:

|f(t, x̄(t), u)− f(t, x̄(t), ū(t))|+|L(t, x̄(t), u)− L(t, x̄(t), ū(t))|

6K(t)|u− ū(t)|

for all u ∈ Uε(t) a.e. t ∈ [0, 1] and there exists an integrable function c such that

|f(t, x̄(t), u)|+ |L(t, x̄(t), u)| 6 c(t)

for almost all t ∈ [0, 1] and all u ∈ Uε(t).

We proceed in several steps.

Step 1: We define a sequence of problems (Pi), without explicit state constraints.

Consider a sequence of positive numbers {ki}i∈IN and the family of problems

(Pi) Minimize

1∫
0

L(t, x(t), u(t)) dt+ g(x(0), x(1))

+ki

1∫
0

h+(t, x(t)) dt

subject to

ẋ(t) = f (t, x(t), u(t)) a.e. t ∈ [0, 1]

(x(0), x(1)) ∈ C0 × C1

u(t) ∈ Uε(t) a.e. t ∈ [0, 1]

x(t) ∈ x̄(t) + εB for all t ∈ [0, 1],

where

h+(t, x) := max{0, h(t, x)}.
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Notice that the state constraint h(t, x(t)) 6 0 in (P) is incorporated in the cost function

of each Pi. This component of the cost function acts as a penalty for the non fulfillment

of the state constraint.

Define

Ĥλ(t, x, p, u) = p · f(t, x, u)− λL(t, x, u)− λkih
+(t, x).

For the above family of problems we assume the interim hypothesis

IH:

lim
ki→∞

inf{Pi} = inf{P}

We first prove the theorem under this hypothesis. In the final stages of the proof we show

that IH follows from H5.

Step 2: We consider a sequence {ki}, ki > 0, tending to infinity and a corresponding

sequence of optimization problems to which Ekeland’s Theorem applies.

Define the set V as the set of pairs (u, s) such that

V : = {(u, s) : ∃xu such that ẋu(t) = f(t, xu(t), u(t)), xu(0) = s,

s ∈ C0, xu(1) ∈ C1, u(t) ∈ Uε(t) and xu(t) ∈ x̄(t) + εB}

Set

δ(u, v) =‖ u− v ‖L1

and provide V with the metric

∆((u, s), (w, s′)) = ‖s− s′‖+ δ(u,w).

Consider now the sequence of optimization problems

(Ri) Minimize Ji(u, s)

subject to

(u, s) ∈ V

where

Ji(u, s) =

1∫
0

L(t, xu, u)dt+ g(xu(0), xu(1)) +

1∫
0

kih
+(t, xu)dt.

Observe that (x̄, ū) is an admissible solution of (Pi) for any i. Set

εi = Ji(ū, x̄(0))− inf{Ji(u, s) : (u, s) ∈ V }.

Then εi > 0 and, since h(t, x̄(t)) 6 0 for all t in [0,1], we get

εi = inf{P} − inf{Pi}
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It follows from the interim hypothesis that

εi → 0. (5.21)

The set V is a complete metric space, the functions Ji are continuous, and (ū, x̄(0)) is

an εi-solution for (Ri).

We are now in a position to apply Ekeland’s Variational Principle [4] to (Ri), which

asserts the existence of a sequence {(vi, si)} in V such that

∆((vi, si), (ū, x̄(0)) 6
√
εi, (5.22)

and

J̄i(vi, si) 6 J̄i(u, s) for all (u, s) ∈ V (5.23)

where

J̄i(u, s) = Ji(u, s) +
√
εiδ(u, vi).

Let xi be the admissible trajectory xvi
.

Since, by (5.22), vi converges to ū in L1, there is a subsequence which converges almost

everywhere to ū. We also have si → x̄(0). Without relabelling, we can conclude by [9,

Lemma 9] that

xi → x̄ uniformly. (5.24)

By discarding initial terms in the sequence if necessary, we can ensure that xi(t) ∈ x̄(t) +(
1
2

)
εB, for all i. Clearly then, and from (5.23), we deduce that ((xi, 0), vi) is a local

minimizer for the following control problem (P̄i):
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(P̄i) Minimize

1∫
0

L(t, x(t), u(t)) dt+ g(x(0), x(1))

+ki

1∫
0

h+(t, x(t)) +
√
εiy(1)

subject to

ẋ(t) = f (t, x(t), u(t)) a.e. t ∈ [0, 1]

ẏ(t) = ‖u(t)− vi(t)‖ a.e. t ∈ [0, 1]

x(0) ∈ C0

y(0) = 0

x(1) ∈ C1

u(t) ∈ Uε(t) a.e. t ∈ [0, 1].

Step 3: Necessary conditions of optimality for problem (P̄i) are given in the following

lemma.

Lemma 5.1. There exists an absolutely continuous function pi : [0, 1] → <n, integrable

functions ρi, ξi : [0, 1] → <m, a measure πi ∈ C∗([0, 1]; Rn), a nonnegative measure µi ∈
C∗([0, 1]; R) having support in {t ∈ [0, 1] : h(t, xi(t)) = 0}, measurable functions Φi, Λi

Φi(t) = (α1
i (t), 0, α

3
i (t))

Λi(t) = (β1
i (t), 0, β

3
i (t)),

a Borel measurable function Γi

Γi(t) = (γ1
i (t), 0, 0),

a nonnegative number λi, and bi ∈ Rn such that

Φi(t) ∈ co ∂x,p,uf(t, xi(t), vi(t)) a.e. (5.25)

Λi(t) ∈ co ∂x,p,uL(t, xi(t), vi(t)) a.e. (5.26)

Γi(t) ∈ co ∂x,p,uh(t, xi(t)) µi a.e. (5.27)

and

Ψi(t) = (ψ1
i (t), ψ

2
i (t), ψ

3
i (t)) ∈ co ∂x,p,uHλi

(t, xi(t), pi(t), vi(t))
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where,

ψ1
i (t) = pi(t)α

1
i (t)− λiβ

1
i (t)

ψ2
i (t) = f(t, xi(t), vi(t))

ψ3
i (t) = pi(t)α

3
i (t)− λiβ

3
i (t)

and

ξi(t) = ψ3
i (t)− λi

√
εiρi(t) (5.28)

ξi(t) ∈ coNUε(t)(vi(t)) a.e. (5.29)

−
∫
B

dπi(t) =

∫
B

ψ1
i (t) dt−

∫
B

γ1
i (t) dµi(t) (5.30)

for all Borel sets B ∈ [0, 1],

pi(t) = bi +

∫
[0,t)

dπi(τ) t ∈ (0, 1] (5.31)

bi,−bi − ∫
[0,1]

dπi(t)

 ∈ NC0×C1(xi(0), xi(1)) + λi∂g(xi(0), xi(1)) (5.32)

|bi|+ |λi|+ |µi| = 1 (5.33)

Proof. The conditions under which Proposition 2.1 is validated are satisfied by the data

of (P̄i). Applying the proposition, we deduce the existence of an absolutely continuous

function (pi, ri) : [0, 1] → Rn+1, an integrable function ξi : [0, 1] → Rn, and a scalar λi > 0

such that

||(pi, ri)||L∞ + λi > 0, (5.34)

(−ṗi(t),−ṙi(t), ẋi(t), 0, ξi(t)) ∈ (5.35)

co ∂x,y,p,r,uH̃λi
(t, xi(t), 0, pi(t), ri(t), vi(t)) a.e. t ∈ [0, 1],

ξi(t) ∈ coNUε(t)(vi(t)), (5.36)

and

(pi(0), ri(0),−pi(1),−ri(1)) ∈NC̃(xi(0), 0, xi(1), 0)

+ λi(0, 0, 0,
√
εi)

+ λi∂g̃(xi(0), 0, xi(1), 0).

(5.37)

where

C̃ = C0 × {0} × C1 × R,
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the function g̃ : Rn × R× Rn × R → < is defined as

g̃(x0, y0, x1, y1) := g(x0, x1)

and

H̃λ(t, x, y, p, r, u) := p · f(t, x, u) + r‖u− vi‖ − λL(t, x, u)− λkih
+(t, x).

It follows from (5.35) and (5.37) that ri is constant and equal to ri(t) = −λiε
1
2
i , for every

t ∈ [0, 1].

Recall that

Hλ(t, x, p, u) = p · f(t, x, u)− λL(t, x, u).

By the sum rule [4] we get

co ∂x,y,p,r,uH̃λi
(t, x, y, p, r, u)

⊆ co ∂x,y,p,r,uHλi
(t, x, p, u) + co ∂x,y,p,r,u [r‖u− vi‖]− co ∂x,y,p,r,uλikih

+(t, x)

= co ∂x,y,p,r,uHλi
(t, x, p, u) + {0} × {0} × {0} × {‖u− vi‖} × rco ∂u‖u− vi‖−

co ∂x,y,p,r,uλikih
+(t, x)

The condition (5.35) can now be written as

(−ṗi(t), ẋi(t), ξi(t)) ∈ co ∂x,p,uHλi
(t, xi(t), pi(t), vi(t))+ (5.38)

{0} × {0} × {−λi

√
εiρi} − co ∂x,p,uλikih

+(t, xi(t)),

where ρi belongs to the closed unit ball B in <m.

The max rule implies that

co ∂xh
+(t, s) ⊂

{
{γσ : γ ∈ co ∂xh(t, s), σ ∈ [0, 1]} for h(t, s) = 0

{0} for h(t, s) < 0

Define the multifunctions

Σi(t) =

{
[0, 1] for h(t, xi(t)) = 0

{0} otherwise,

Ωi(t) = co ∂x,p,uHλi
(t, xi(t), pi(t), vi(t))×B × co∂x,p,uh(t, xi(t))× Σi(t).

Given η = (Ψ, ρ,Γ, σ), define

Hi(t, η) = Ψ− λi

√
εi(0, 0, ρ)− λikiΓσ.
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It now follows from (5.38) that

(−ṗi(t), ẋi(t), ξi(t)) ∈ {Hi(t, η) : η ∈ Ωi(t)}, a.e.

Observe that the function Hi(t, η) is measurable in t and continuous in η and that Ωi(t)

takes compact values and is measurable.

Appealing to a measurable selection theorem we deduce existence of measurable func-

tions ηi = (Ψi, ρi,Γi, σi) such that

ηi(t) ∈ Ωi(t)

and

(−ṗi(t), ẋi(t), ξi(t)) = Hi(t, ηi(t)) a.e. t ∈ [0, 1]. (5.39)

The sum rule and the properties of Hλi
allow us to express Ψi as in the lemma.

At this stage it is convenient to introduce the nonnegative measure µi in C∗([0, 1]; R)

such that ∫
B

dµi(t) =

∫
B

λikiσi(t)dt,

for any Borel set B. Then, in terms of dµi, we can write∫
[0,t)

λikiΓi(t)σi(t)dt =

∫
[0,t)

Γi(t)dµi(t).

If we consider πi to be the measure defined by

dπi(t) = ṗi(t)dt

the conclusions of Lemma 5.1 follow from (5.34) (we normalize the multipliers to get the

final form (5.33)), (5.36), (5.37) and (5.39). �

Step 4: We now consider ki →∞ and we obtain the necessary conditions for the original

problem P .

Standard arguments involving the Gronwall’s inequality assert the existence of a constant

K1 such that

|πi| 6 K1.

It follows from (5.31) and (5.33) that

|pi(t)| 6 1 +K1

for all t ∈ [0, 1] and all i. By extraction of subsequence, if necessary, we obtain

πi → π weakly∗
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for some measure π. The weak*-lower semicontinuity of the dual norm allows us to conclude

that

|π| 6 K1.

By (5.33) we may also arrange that

µi → µ weakly∗, bi → b and λi → λ (5.40)

for some µ, b and λ. We deduce that |µi| → |µ|. By (5.33), we further deduce that

|b|+ |λ|+ |µ| = 1.

The convergence of bi to b together with Lemma 4.3 of [3] guarantee that, for some

subsequence,

pi(t) → q(t) a.e.,

where q is a function of bounded variation given by

q(t) = b+

∫
[0,t)

dπ,

and

bi +

∫
[0,1]

dπi → b+

∫
[0,1]

dπ (5.41)

By H1, H4, (5.25) and (5.26), we have for some integrable function k

|Φi(t)|, |Λi(t)| 6 k(t), (5.42)

and

|ξi(t) + λi

√
εiρi(t)| 6 k(t), (5.43)

for i sufficiently large. Extracting a subsequence, if necessary, we may arrange that

Φi → Φ, Λi → Λ, Ψi → Ψ (5.44)

for some Φ,Λ,Ψ ∈ L1.

Appealing to the upper semicontinuity of limiting subdifferential we can write:

Φ ∈ co ∂x,p,uf(t, x̄(t), ū(t)) a.e.,

Λ ∈ co ∂x,p,uL(t, x̄(t), ū(t)) a.e.

and

Ψ ∈ co ∂x,p,uHλ(t, x̄(t), q(t), ū(t)) a.e.
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Since λi → λ, ρi(t) ∈ B and εi → 0, we may extract a subsequence, if necessary, such

that

ξi → ξ (5.45)

with respect to the weak L1 topology, for some ξ ∈ L1. By the properties of the limiting

normal cone and since vi(t) → ū(t) almost everywhere, we conclude from (5.29), (5.43)

and (5.45) that

ξ(t) ∈ coNUε(t)(ū(t)) a.e. (5.46)

Since ∂xh(t, x) ⊂ ∂̄xh(t, x) and ∂̄xh(t, x) is of closed graph for any i, using Lemma 4.5

of [3] we deduce from (5.27) the existence of a Borel measurable, µ-integrable function

Γ = (γ1, 0, 0) such that

γ1(t) ∈ ∂̄xh(t, x̄(t)) µ− a.e. .

Taking into account the fact that the multifunctions s → NC0(s) and s → NC1(s) have

closed graph and by the properties of the subdifferential ∂g, we also deduce that (5.32)

holds with the i’s deleted.

We now turn to the support of µ. Seeking a contradiction let us assume that

µ
(
{t : h(t, x̄(t) < 0}

)
> 0.

The σ additivity of the measure implies the existence of an e > 0 such that µ(E) > 0 for

E = {t : h(t, x̄(t)) < −e}. By (5.24) and H4,

{t : h(t, x̄(t)) < −e} ⊂ {t : h(t, xi(t)) 6 −e/2}

for sufficiently large i. But {t : h(t, xi(t)) 6 −e/2} is contained in the complement of the

support of µi, whence µi(E) = 0. Since h is continuous with respect to t, we conclude that

E is an open set. Recall that µi converges weakly* to µ. Thus µ(E) = 0, a contradiction.

We have just shown that

µ
(
{t : h(t, x̄(t)) < 0}

)
= 0. (5.47)

Lemma 4.3 of ([3]) allow us to write equation (5.30) with i’s deleted and we have

−q(t) + b =

∫
[0,t)

ψ1(t) dt−
∫

[0,t)

γ1(t) dµ(t)

=

∫
[0,t)

(
q(t)α1(t)− λβ1(t)

)
dt−

∫
[0,t)

γ1(t) dµ(t)

Defining the function

p(t) := q(t)−
∫

[0,t)

γ1(s)dµ(s)
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which is absolutely continuous, we obtain,

−ṗ(t) = q(t)α1(t)− λβ1(t).

We also have

ξ(t) = q(t)α3(t)− λβ3(t)

˙̄x(t) = f(t, x̄(t), ū(t)).

Then we can write

(−ṗ(t), ˙̄x(t), ξ(t)) = Ψ(t) ∈ co ∂x,p,uHλ(t, x̄(t), q(t), ū(t)) a.e. (5.48)

The necessary conditions of Theorem 3.1 are then established.

Step 5: Finally, we show that H5 implies the interim hypothesis IH:

lim
ki→∞

inf{Pi} = inf{P}.

Observe that this was essential to get (5.21).

Let be ki →∞ and choose a corresponding sequence of admissible processes (xi, ui) for

Pi such that

1∫
0

L(t, xi(t), ui(t)) dt+ g(xi(0), xi(1)) + ki

1∫
0

h+(t, xi(t)) dt 6 inf{Pi}+
1

ki

(5.49)

Define the multifunction

F (t, x) = {(v1, v2) ∈ R× Rn : (v1, v2) = (L(t, x, u), f(t, x, u)), u ∈ Uε(t)}.

By H1, H2 and H5, this multifunction is closed, convex, measurably Lipschitz and inte-

grably bounded, (see definitions in [4]), on

Ω = {(t, x) ∈ R× Rn : t ∈ [0, 1], x ∈ x̄(t) + εB}

Applying [4, Theorem 3.1.7] we deduce the existence of a subsequence of {(zi, xi)}, where

zi(t) =
∫ t

0
L(s, xi(s), ui(s))ds, which converges uniformly to an arc (z, x) such that

(ż(t), ẋ(t)) ∈ F (t, x(t))

and x(0) ∈ C0, z(0) = 0. An appropriate measurable selection theorem asserts the existence

of a measurable function u such that u(t) ∈ Uε(t) and

ż(t) = L(t, x(t), u(t)) a.e.

ẋ(t) = f(t, x(t), u(t)) a.e.
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Furthermore,

z(1) =

1∫
0

L(t, x(t), u(t)) dt.

Since

xi → x

uniformly and C1 is closed we further deduce that

x(1) ∈ C1.

As ki →∞,
∫ 1

0
L(t, xi(t), ui(t)) dt+ g(xi(0), xi(1)) + ki

∫ 1

0
h+(t, xi(t)) dt is bounded, and

t 7→ h+(t, x(t)) is continuous (by H4) we have

1∫
0

h+(t, x(t)) dt = lim
i→0

1∫
0

h+(t, xi(t)) dt = 0. (5.50)

Suppose that there exists a t̄ ∈ [0, 1] such that

h(t̄, x(t̄)) > 0.

Then there exists an interval (t̄ − δ, t̄ + δ) (or [t̄, t̄ + δ) if t̄ = 0, or (t̄ − δ, t̄] if t̄ = 1), for

some δ > 0 such that

h(t, x(t)) > 0

and

t̄+δ∫
t̄−δ

h+(t, x(t))dt > 0

contradicting (5.50). This means that (x, u) is an admissible process of (P ) such that

x(t) ∈ x̄(t) + εB.

It follows that

1∫
0

L(t, x(t), u(t)) dt+ g(x(0), x(1)) >

1∫
0

L(t, x̄(t), ū(t)) dt+ g(x̄(0), x̄(1)).
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From (5.49)

lim inf{Pi} > lim

 1∫
0

L(t, xi(t), ui(t)) dt+ g(xi(0), xi(1)) + ki

1∫
0

h+(t, xi(t)) dt

− 0

> lim

1∫
0

L(t, xi(t), ui(t)) dt+ g(xi(0), xi(1))

=

1∫
0

L(t, x(t), u(t)) dt+ g(x(0), x(1))

> inf{P}

As (x̄(t), ū(t)) is always an admissible process for problem (Pi) we also have,

inf{Pi} 6 inf{P}

and the same inequality is valid in the limit.

We conclude that

lim inf{Pi} = inf{P},

proving the theorem.

6. Remarks

To get necessary conditions for optimal control problems with state constraints it is

usually required that the state constraint function is merely upper semicontinuous as a

function of t. Within this framework several results involving state constraints may be

deduced as it can be verified in the literature. However, the approach we use in the present

work does not allow such framework. In fact, when t → h(t, x) is assumed to be only

upper-semicontinuous we cannot guarantee that

lim
i→∞

inf{Pi} = inf{P}.

The following example illustrates this statement.
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Consider the following problem.

(P2) Minimize

1∫
0

−x(t) dt

subject to

ẋ(t) = u(t) a.e. t ∈ [0, 1]

x(0) ∈ [−2, 0]

u(t) ∈ [−1, 0] a.e. t ∈ [0, 1]

h (t, x(t)) 6 0 for all t ∈ [0, 1],

where, for A = { 1
n

: n ∈ N} ∪ {0},

h(t, x) =

{
x if t ∈ [0, 1] \ A
1 + x if t ∈ A ∩ [0, 1].

In this case we have

{(t, x) : h(t, x) 6 0} = {(t, x) : x 6 0 and t ∈ [0, 1] \ A}

∪ {(t, x) : x 6 −1 and t ∈ A ∩ [0, 1]} .

The data of this problem satisfies H1–H3 and H5 but t→ h(t, x) fails to be continuous.

Indeed, x → h(t, x) is Lipschitz continuous for each t ∈ [0, 1] and t → h(t, x) is only

upper-semicontinuous. As a function of t, h is continuous on [0, 1]\A and for t̄ ∈ A∩ [0, 1],

h(t̄, x) = 1 + x > lim supt→t̄ h(t, x).

It is easy to see that if a trajectory x of problem (P2) is such that h(t, x(t)) 6 0, for all

t ∈ [0, 1], then it must satisfy x(0) 6 −1. In view of the cost function it is desirable to

have x(t) as “large” as possible. But the admissible control values are non-positive.

The optimal solution of problem (P2) is then

x̄(t) ≡ −1, ū(t) ≡ 0,

and inf{P} = 1.
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Consider ε ∈ (0, 1) and the ε-neighborhood of x̄. The sequence of problems (Pi) is now:

(Pi) Minimize

1∫
0

−x(t) dt+ ki

1∫
0

h+(t, x(t)) dt

subject to

ẋ(t) = u(t) a.e. t ∈ [0, 1]

x(0) ∈ [−2, 0]

u(t) ∈ [−1, 0] a.e. t ∈ [0, 1]

Take the constant sequence of arcs xi(t) ≡ −1 + ε/4, t ∈ [0, 1]. Then,

h(t, xi(t)) = h(t,−1 + ε/4) =

{
−1 + ε/4 t ∈ [0, 1] \ A
ε/4 t ∈ A ∩ [0, 1]

and

h+(t, xi(t)) =

{
0 t ∈ [0, 1] \ A
ε/4 t ∈ A ∩ [0, 1]

Since each trajectory xi is admissible for problem (Pi) we have

inf{Pi} 6

1∫
0

(1− ε/4) dt+ ki

1∫
0

h+(t, xi(t)) dt = 1− ε/4 < 1

As we have seen before that inf{P} = 1. So

inf{Pi} < inf{P} − ε/4.
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